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Abstract
On the basis of the Lie derivative method in a metric-affine space-
time (L4, g) it is shown that in the metric-affine gravitational theory the
energy-momentum conservation law and therefore the equations of the
matter motion are the consequence (as in the GR) of the gravitational
field equations. The possibility of the detection of the space-time non-
metric properties is discussed.
1. Introduction
It is well known that in the General Relativity the equations of the matter
motion are the consequence of the gravitational field equations. The reason of
this fact consists in the identical vanishing (as the cosequence of the Bianchi
identities) of the covariant divergence of the left part of the Einstein equations,
which leads to the covariant energy-momentum conservation law of matter
(R)
∇ β Tαβ = 0 (1)
(here
(R)
∇ is the covariant differentiation with respect to the connection of a
Riemann space-time). The equations of the matter motion are the consequence
of (1).
In the Einstein-Cartan theory [1, 2] the same situation takes place [3].
The more complicated case occurs in the generalized theories of gravity with
torsion in a Riemann-Cartan space-time U4 based on non-linear Lagrangians,
where the some new covariant identities appear. In the theories of a such
type as it was shown in [4, 5] the equations of the matter motion are also the
consequence of the gravitational field equations.
In this paper we generalize the results of [4, 5] to the theory of gravitation
in the metric-affine space-time (L4, g) with the curvature Rµνσ
λ, torsion Tµν
λ
and nonmetricity Qλ
σρ := ∇λgσρ. The metric-affine theory of gravitation was
proposed in [6] and now is of a great interest in connection with the problem
of the relation of the gravitation and the elementary particles physics [7, 8].
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2. The energy-momentum conservation law as the consequence of
the field equations in the metric-affine gravitational theory
We shall use the Lie derivative method for deriving the differential identities
in the metric-affine space (L4, g). In a Riemann-Cartan space this method was
described in detail in [9]. Let us consider the Lie transport £ξ in the direction
of an arbitrary vector field ξσ. Then the transformation law of the gravitational
field Lagrangian density L0 =
√−gL0 is
£ξL0 = ξσ∇σL0 + L0 ∇ˆσξσ , (2)
where ∇ˆσ := ∇σ + Tσ, and Tσ := Tσττ . Here ∇ is the covariant differentiation
with respect to the connection of (L4, g).
From the other side the result of this Lie differentiation can be calculated
as the consequence of the explicit dependence of the Lagrangian density
L0 =
√−gL0(gσρ, Rµνσλ, Tµνλ) (3)
from the metric, curvature and torsion tensors of (L4, g), the Lie differentiation
of those being calculated by the corresponding rules that valid in (L4, g):
£ξg
σρ = ξµQµ
σρ − 2 ξ(σρ) , ξµρ := ∇µξρ − Tµνρξν , (4)
£ξRµνσ
λ = ξρ∇ρRµνσλ + Rρνσλξµρ + Rµρσλξνρ
+Rµνρ
λξσ
ρ − Rµνσρξρλ , (5)
£ξTµν
λ = ξρ∇ρTµνλ + Tρνλξµρ + Tµρλξνρ − Tµνρξρλ . (6)
Comparing the results of the both Lie differentiation methods, we get the
covariant correlation, on the base of which, taking into account that ξσ and
∇λξσ are arbitrary, we obtain the two covariant identities. Because of the
arbitrariness of ∇λξσ we get
√−gtσλ[L0] = L0δσλ − 2Rµσαβ
∂L0
∂Rµλαβ
+ Tµν
λ ∂L0
∂Tµνσ
−2(δσκ∇ˆν − Tσνκ)
∂L0
∂Tνλκ
, (7)
where the following notations have been used:
√−gtσλ[L0] :=
√−gTσλ[L0] + ∇ˆν(
√−gJσλν [L0]) , (8)
√−gTσρ[L0] := −2 δL0
δgσρ
,
√−gJσλν [L0] := − δL0
δΓνλσ
. (9)
Because of the arbitrariness of ξσ we get the second identity:
(δσ
ρ∇ˆλ − Tσλρ)
√−gtρλ[L0]−Rσνλρ
δL0
δΓνλρ
−Qσαβ
δL0
δgαβ
= 0 . (10)
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When obtaining (7) and (10) the following identities have played the es-
sential role
δL0
δΓσνλ
= 2∇ˆρ
∂L0
∂Rσρνλ
+ Tαβ
σ ∂L0
∂Rαβνλ
+ 2
∂L0
∂Tσνλ
, (11)
∇ˆσ
δL0
δΓσνλ
= (Rαβσ
νδλ
ρ −Rαβλρδσν)
∂L0
∂Rαβσρ
+ 2∇ˆσ
∂L0
∂Tσνλ
, (12)
which take place in (L4, g) for the the Lagrangian density (3) ([4], for some
details see Appendix).
Taking into account (8),(9), the field equations of the metric-affine gravi-
tational theory can be introduced in the following form
δgσρ : Tσρ[L0] = −Tσρ , Tσρ := Tσρ[Lm] , (13)
δΓνλ
σ : Jσ
λν [L0] = −Jσλν , Jσλν := Jσλν [Lm] , (14)
where Lm is the Lagrangian density of matter, generating the gravitational
field. The system (13), (14) with the help of the identity
R[σρ] =
1
2
∇ˆτMσρτ − 1
2
Vσρ , Mσρ
τ := Tσρ
τ + 2δ[σ]
τTρ , (15)
where Vαβ is the tensor of homothetic curvature of (L4, g):
Vαβ = Rαβτ
τ = ∇[αQβ] +
1
2
Tαβ
τQτ , Qσ := Qστ
τ , (16)
can be written in the equivalent form:
tσ
λ[L0] = −tσλ , tσλ := tσλ[Lm] . (17)
Jσ
λν [L0] = −Jσλν , (18)
where in the right part of the gravitational field equations (17), (18) we have
the canonical energy-momentum tensor and the hypermomentum tensor of all
matter that generates the gravitational field. These quantities are calculated
by means of the replacing the matter Lagrangian density Lm instead of L0
into (8),(9). The question of deriving the field equations (17) will be discussed
in detail in the following paper [12].
Substituting the field equations (17), (18) into (10), we obtain the quasi-
conservation law for the canonical energy-momentum tensor of matter in the
metric-affine gravitational theory:
∇ˆλ(
√−gtσλ)−
√−gTσλρtρλ +
√−gRσνλρJρλν + 1
2
√−gQσαβTαβ = 0 . (19)
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The equation (19) was derived in [10] (see also [11]) as the consequence of
the matter Lagrangian invariance with respect to the infinitesimal coordinate
transformations.
3. The various cases of the matter motion in the metric-affine space-
time (L4, g)
The hypermomentum tensor can be split up in the following way [6]
Jσρ
λ = Sσρ
λ + Jσρ
λ +
1
4
gσρJ
λ , Sσρ
λ := J[σρ]
λ , Jσ
σλ = 0 . (20)
In (L4, g) the affine connection coefficients have the form [13]
Γλν
σ =
1
2
gσρ∆αβγνλρ (∂αgβγ − Tαβγ +Qαβγ) , (21)
∆αβγνλρ := δ
α
ν δ
β
λδ
γ
ρ + δ
α
λδ
β
ρ δ
γ
ν − δαρ δβν δγλ . (22)
The quasiconservation law (19) with the help of (20), (21) yields
√−g
(R)
∇ λ (tσλ) +
√−gRσνλρSρλν + 1
4
√−gVσνJν
−(Tσ[λρ] +
1
2
T ρλσ −Q[ρλ]σ +
1
2
Qσλ
ρ)∇ˆν(
√−gJρλν)
+
√−g(∇[σQν]λρ +
1
2
Tσν
τQτλρ)J
λρν
= 0 . (23)
Let us consider some particular cases of the matter motion.
I. The matter hypermomentum tensor is equal to the spin momentum ten-
sor: Jσρ
λ = Sσρ
λ.
In this case some terms with nonmetricity vanish in (23) exept the terms
(Q[ρλ]σ − 12Qσλρ)∇ˆν(
√−gSρλν) . Therefore in this case the matter motion de-
pends on both torsion and nonmetricity.
II. The matter hypermomentum tensor vanishes: Jσρ
λ = 0 .
In this case the canonical energy-momentum tensor of matter (17) reduces
to the metric one: tσλ = Tσλ and the quasiconservation law (23) reduces to
the matter energy-momentum conservation law in a Riemann space-time (1).
Therefore we have proved the following Theorem [14, 15].
Theorem: In (L4, g) the motion of matter without hypermomentum coin-
sides with the motion in the Riemann space-time, which the metric tensor
coinsides with the metric tensor of (L4, g).
Thus bodies and mediums without hypermomentum are not subjected to
the influence of the possible nonmetricity of the space-time (in contrast to
the generally accepted opinion) and therefore can not be the tools for the
detection of the deviation of the real space-time properties from the Riemann
space structure.
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Therefore for the investigation of the different manifestations of the possible
space-time nonmetricity one needs to use the bodies and mediums endowed
with the hypermomentum, i.e. the spin particles, the perfect spinning fluid or
the perfect fluid with the intrinsic hypermomentum [16, 17, 18].
Appendix
Let us consider the identities (11),(12) in more detail. The identity (11)
is the direct consequence of (3) and the explicit forms of the curvature tensor
Rµνσ
λ and the torsion tensor Tµν
λ.
In order to derive the identity (12) let us evaluate the covariant derivative
∇ˆσ from the both sides of the (11):
∇ˆσ δL0
δΓσνλ
= 2∇[σ∇α]
∂L0
∂Rσανλ
+ 2(∇σTα) ∂L0
∂Rσανλ
+∇σ
(
Tαβ
σ ∂L0
∂Rαβνλ
)
+ TσTαβ
σ ∂L0
∂Rαβνλ
+ 2∇ˆσ ∂L0
∂Tσνλ
. (24)
The first term in the right part of the (24) may be calculated with the help of
Ricci identity in (L4, g) [19]:
2∇[α∇β]Wλ = RαβσλWσ − Tαβσ∇σWλ − VαβWλ . (25)
Here Vαβ is the tensor of homothetic curvature (16); Wλ is a contravariant
vector density, the minus appearing in the first term in the right part of the
(25) in case of the covariant vector density Wλ. As a result one has
∇ˆσ δL0
δΓσνλ
= (2∇αTβ +∇σTαβσ + TσTαβσ − 3R[αβσ]σ) ∂L0
∂Rαβνλ
+Rαβσ
ν ∂L0
∂Rαβσλ
− Rαβλσ ∂L0
∂Rαβνσ
+ 2∇ˆσ ∂L0
∂Tσνλ
. (26)
Then using in (26) the second identity for the curvature [19]:
R[αβσ]
λ = ∇[αTβσ]λ − T[αβρTσ]ρλ , (27)
we convince oneself that the terms in the parentheses in the right part of the
(26) vanishes. As a result we get the identity (12).
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